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Abstract. In this paper, we construct the quantum Torus symmetry of the KP hierarchy and
further derive the quantum torus constraint on the tau function of the KP hierarchy. That
means we give a nice representation of the quantum Torus Lie algebra in the KP system by
acting on its tau function. Comparing to the W∞ symmetry, this quantum Torus symmetry
has a nice algebraic structure with double indices. Further by reduction, we also construct
the quantum Torus symmetries of the KdV and BKP hierarchies and further derive the quan-
tum Torus constraints on their tau functions. These quantum Torus constraints might have
applications in the quantum field theory, supersymmetric gauge theory and so on.
Mathematics Subject Classifications(2000): 37K05, 37K10, 37K40.
Keywords: KP hierarchy, Quantum Torus symmetry, Quantum Torus constraint, KdV hier-
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1. Introduction
The KP equation is an important shallow water wave equation which has a lot of application
in plasma physics, water wave theory, topological field theory, string theory and so on. Later
this equation was further generalized to a whole hierarchy which is called the KP hierarchy.
The KP hierarchy is one of the most important nonlinear integrable systems in mathematics
and physics. It has nice structures such as the Virasoro type additional symmetry which was
extensively studied in literature [1, 2, 3, 4, 5]. Besides the Virasoro algebra, another kind of
infinite dimensional Lie algebras of Block type, as generalizations of the well-known Virasoro
algebra, has been studied intensively in [6, 7, 8]. Recently as another generalization, the
W1+∞ 3-algebra related to the KP hierarchy was constructed in [9]. After quantization, the
q-discretization of the Virasoro algebra and the q −W
(n)
KP algebra related to the KP hierarchy
were considered in[10, 11]. In [12], we provide the Block type algebraic structure for the
bigraded Toda hierarchy (BTH) [13, 14]. Later on, this Block type Lie algebra is found again
in dispersionless bigraded Toda hierarchy [15] and D type Drinfeld-Sokolov hierarchy[16]. This
Block algebra is sometimes called Torus Lie algebra which is a generalization of the Virasoro
algebra. Similarly after quantization, the torus algebra becomes quantum torus algebra which
can be realized in Fermion Fock space.
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The quantum torus algebra is identified with the sine-algebra [17] which is obtained from
sl(N) by taking the large N limit of its trigonometrical basis. The quantum torus algebra is
the Lie algebra derived from a quantum non-commutative two-torus, with two generators U, V
satisfying the relation UV = qV U . Here the parameter q is regarded as a non-commutative
parameter. Let us normalize them as follows: v
(k)
m = q−
km
2 UmV k. Then the normalized operators
v
(k)
m will satisfy the following structure of the quantum torus algebra without central extension,
[v(k)m , v
(l)
n ] = (q
lm−kn
2 − q−
lm−kn
2 )v
(k+l)
m+n , (1.1)
which is equivalent to
[v¯(k)m , v¯
(l)
n ] = (q
ml − qnk)v¯
(k+l)
m+n , (1.2)
with v¯
(k)
m = q−
mk
2 v
(k)
m = q−kmUmV k.
Then after the second-quantizations of v
(k)
m by means of the fermions generating function
φ(z), φ(z)∗ as
V (k)m =
∮
dz
2pii
: φ(z)v(k)m φ(z)
∗ :, (1.3)
the operators V
(k)
m will satisfy the quantum torus algebra with central extension as
[V (k)m , V
(l)
n ] = (q
lm−kn
2 − q−
lm−kn
2 )(V
(k+l)
m+n − δm+n,0
qk+l
1− qk+l
). (1.4)
The positive half of quantum torus Lie algebra, i.e. k ≥ 0 is a quantum cylinder Lie algebra
obtained from a quantum cylinder which becomes a classical cylinder C∗ in the context of the
random plane partition. Also the double covers of the cylinder have important application
in the Seiberg-Witten hyper-elliptic curves of five-dimensional N = 1 supersymmetric gauge
theories [18, 19] at the thermodynamic limit or the semi-classical limit. In [20], it reveals
a remarkable connection among random plane partition, melting Crystal, quantum torus Lie
algebra, and Toda hierarchy.
The KdV hierarchy is an important reduced hierarchy from the KP hierarchy which is also
an important member of the Gelfand-Dichey hierarchy. It is proved to have a nice Virasoro
symmetry [21]. The Virasoro constraint on the KdV hierarchy has important application in
topological field theory and Gromov-Witten invariant theory [22, 23, 24]. Also as an important
sub-hierarchy of the KP hierarchy, BKP hierarchy [25, 26], has been shown to possess additional
symmetries with consideration on the reductions on the Lax operator [27].
Our main purpose of this article is to give the complete quantum torus flows on the Lax
operator, wave function and tau function of the KP hierarchy which form the positive half of
quantum torus algebra. In [28], the additional symmetries of the KP hierarchy were generalized
to a W1+∞ algebra with a complicated algebraic relation. The quantum torus algebra under
consideration in this paper is very simple and elegant. By acting on the tau function, we give
a nice representation of the quantum torus Lie algebra which is an uneasy work in the field of
the representation theory of the Lie algebra. Further we will try to generalize the results to the
KdV hierarchy and the BKP hierarchy.
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This paper is organized as follows. We give a brief description of the KP hierarchy in Section
2. The main results are presented and proved in Section 3, which concerns the quantum torus
symmetry of the KP hierarchy. Basing on the Section 3, the quantum torus constraint on
the tau function space will be given in Section 4. The quantum torus symmetry is further
generalized to the KdV hierarchy and BKP hierarchy in Section 5 and Section 6. The Section
7 will be devoted to conclusions and discussions.
2. The KP hierarchy
To start the principle content of this paper, we need to recall some basic knowledge related
to the KP hierarchy [1, 25]. At the beginning of the recalling, one need to know the following
fundamental Leibnitz rule over pseudo-differential operators’ space
∂n ◦ f =
∑
k≥0
(
n
k
)
(∂kf)∂n−k, n ∈ Z. (2.1)
For any pseudo-differential operator W =
∑
i
pi(x)∂
i, the conjugate operation “∗” for W is
defined by W ∗ =
∑
i
(∂∗)ipi(x) with
∂∗ = −∂, (∂−1)∗ = (∂∗)−1 = −∂−1. (2.2)
The Lax operator L of the KP hierarchy is given by
L = ∂ + u−1∂
−1 + u−2∂
−2 + · · · . (2.3)
where ui = ui(x, t1, t2, t3, · · · , ), i = −1,−2,−3, · · · . The corresponding Lax equation of the
KP hierarchy is defined as
∂L
∂tn
= [Bn, L], n = 1, 2, 3, · · · , (2.4)
where the differential projective operator Bn = (L
n)+ =
n∑
i=0
bi∂
i. The Lax operator L in eq.(2.3)
can be generated by the dressing operator S = 1 +
∑∞
k=1 ωk∂
−k in the following way
L = S∂S−1. (2.5)
The dressing operator S satisfies the following Sato equation
∂S
∂tn
= −(Ln)−S, n = 1, 2, 3, · · · . (2.6)
By using the above dressing structure (2.5) and the Sato equation (2.6), it is convenient to
construct the Orlov-Shulman’s operator which is used to give the additional symmetry of the
KP hierarchy in the next section.
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3. Quantum Torus symmetry of the KP hierarchy
In this section, we shall construct the additional symmetry of the KP hierarchy and discuss
the algebraic structure of the additional symmetry flows.
To this end, firstly we define the following operator Γ and the Orlov-Shulman’s operator M
like in [2] as
Γ =
∞∑
i=1
iti∂
i−1, M = SΓS−1. (3.1)
The Lax operator L and the Orlov-Shulman’s operatorM satisfy the following canonical relation
[L,M ] = 1. (3.2)
Then basing on a quantum parameter q, the additional flows for the time variable tm,n, t
∗
m,n are
defined respectively as follows
∂S
∂tm,n
= −(MmLn)−S,
∂S
∂t∗m,n
= −(emMqnL)−S, m, n ∈ N, (3.3)
or equivalently rewritten as
∂L
∂tm,n
= −[(MmLn)−, L],
∂M
∂tm,n
= −[(MmLn)−,M ], (3.4)
∂L
∂t∗m,n
= −[(emMqnL)−, L],
∂M
∂t∗m,n
= −[(emMqnL)−,M ]. (3.5)
Generally, one can also derive
∂t∗
l,k
(emMqnL) = [−(elMqkL)−, e
mMqnL]. (3.6)
One can find the operators’ set {emMqnL, m, n ≥ 0} has an isomorphism with the operators’
set {qnzem∂z , m, n ≥ 0} as
emMqnL 7→ qnzem∂z , (3.7)
with the following commutator
[qnzem∂z , qlzek∂z ] = (qml − qnk)q(n+l)ze(m+k)∂z . (3.8)
It is known [21] that the additional flows
∂
∂tm,n
commute with the flows
∂
∂tk
, i.e. [
∂
∂tm,n
,
∂
∂tk
] =
0, but do not commute with each other, and form a kind of W∞ infinite dimensional additional
Lie symmetries. This further leads to the commutativity of the additional flows
∂
∂t∗m,n
with the
flows
∂
∂tk
and the additional flows
∂
∂t∗m,n
themselves constitute the quantum torus algebra.
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Next we shall prove the commutativity between the additional flows ∂tl,k(i.e.
∂
∂tl,k
) and the
original flows ∂tn(i.e.
∂
∂tn
) of the KP hierarchy.
Proposition 3.1. The additional flows of ∂tl,k are symmetry flows of the KP hierarchy, i.e.
they commute with all ∂tn flows of the KP hierarchy [1, 21].
Proof. According the action of ∂tl,k and ∂tn on the dressing operator S, then
[∂tl,k , ∂tn ]S = −∂tl,k(L
n
−S)− ∂tn [−(M
lLk)−]S
= (−∂tl,kL
n
−)S − L
n
−∂tl,kS − [(M
lLk)−]L
n
−S
+[Ln+,M
lLk]−S
= 0.
Therefore the proposition holds. 
With the help of this proposition, we can derive the following theorem.
Theorem 3.2. The additional flows ∂t∗
l,k
are symmetries of the KP hierarchy, i.e. they commute
with all ∂tn flows of the KP hierarchy.
Proof. According to the action of ∂t∗
l,k
and ∂tn on the dressing operator S, we can rewrite the
quantum torus flow ∂t∗
l,k
in terms of a combination of ∂tp,s flows
∂t∗
l,k
S = −(
∞∑
p,s=0
lp(k log q)sMpLs
p!s!
)−S
=
∞∑
p,s=0
lp(k log q)s
p!s!
∂tp,sS,
which further leads to
[∂t∗
l,k
, ∂tn ]S = [
∞∑
p,s=0
lp(k log q)s
p!s!
∂tp,s , ∂tn ]S
=
∞∑
p,s=0
lp(k log q)s
p!s!
[∂tp,s , ∂tn ]S
= 0.
Therefore the theorem holds. 
Because
[zs∂p, zb∂a] =
∑
αβ
C
(ps)(ab)
αβ z
β∂α,
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and
[qnzem∂z , qlzek∂z ] = (qml − qnk)q(n+l)ze(m+k)∂z , (3.9)
therefore comparing the terms with zα∂β on both sides of eq.(3.9) will lead to the following
identity
∞∑
p,s=0
∞∑
a,b=0
np(m log q)s
p!s!
la(k log q)b
a!b!
C
(ps)(ab)
αβ = (q
ml − qnk)
(n+ l)α((m+ k) log q)β
α!β!
.(3.10)
Now it is time to identify the algebraic structure of the quantum torus additional ∂t∗
l,k
flows
of the KP hierarchy in the following theorem.
Theorem 3.3. The additional flows ∂t∗
l,k
of the KP hierarchy form the positive half of the
quantum torus algebra, i.e.,
[∂t∗n,m , ∂t∗l,k ] = (q
ml − qnk)∂t∗
n+l,m+k
, n,m, l, k ≥ 0. (3.11)
Proof. Using the Jacobi identity, one can derive the following computation which will finish the
proof of this theorem
[∂t∗n,m , ∂t∗l,k ]L
= ∂t∗n,m([−(e
lMqkL)−, L])− ∂t∗
l,k
([−(enMqmL)−, L])
= [−(∂t∗n,m(e
lMqkL))−, L] + [−(e
lMqkL)−, (∂t∗n,mL)] + [[−(e
lMqkL)−, e
nMqmL]−, L]
+[(enMqmL)−, [−(e
lMqkL)−, L]]
= [[(enMqmL)−, e
lMqkL]−, L] + [(e
lMqkL)−, [(e
nMqmL)−, L]] + [[−(e
lMqkL)−, e
nMqmL]−, L]
+[(enMqmL)−, [−(e
lMqkL)−, L]]
= [[(enMqmL)−, e
lMqkL]−, L] + [[(e
lMqkL)−, (e
nMqmL)−], L] + [[−(e
lMqkL)−, e
nMqmL]−, L]
= [[enMqmL, elMqkL]−, L]
= −(qml − qnk)[(e(n+l)Mq(m+k)L)−, L]
= (qml − qnk)∂t∗
n+l,m+k
L.
One can also prove this theorem as following in another way by rewriting the quantum torus
flows in terms of a combination of tm,n flows
[∂t∗n,m , ∂t∗l,k ]L
= [
∞∑
p,s=0
np(m log q)s
p!s!
∂tp,s ,
∞∑
a,b=0
la(k log q)b
a!b!
∂ta,b ]L
=
∞∑
p,s=0
∞∑
a,b=0
np(m log q)s
p!s!
la(k log q)b
a!b!
[∂tp,s , ∂ta,b ]L
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=
∞∑
p,s=0
∞∑
a,b=0
np(m log q)s
p!s!
la(k log q)b
a!b!
∑
αβ
C
(ps)(ab)
αβ ∂tα,βL
= (qml − qnk)
∞∑
α,β=0
(n+ l)α((m+ k) log q)β
α!β!
∂tα,βL
= (qml − qnk)∂t∗
n+l,m+k
L.

Till now, we can find the ∂t∗
l,k
additional flows constitute a nice quantum torus algebra. A
natural question is whether we can get the quantum torus constraint which is a generalization
of the well-known Virasoro constraint. The answer will be given in the next section.
4. Quantum Torus constraints on the tau function
Acting on the wave function φ of the KP hierarchy, one can rewrite the Lax equation of the
KP hierarchy using linear equations
Lφ = λφ,
∂φ
∂tn
= Ln+φ. (4.1)
Then the tau function of the KP hierarchy can be defined as [25]
φ =
eητ
τ
e
∑
k=1 tkλ
k
, (4.2)
where
η =
∞∑
i=1
λ−i
i
∂
∂ti
. (4.3)
Alder, Shiota and van Moerbeke [29, 30] have shown that
∂tp,s log φ = (e
η − 1)
W
(p+1)
s
p+1
(τ)
τ
, (4.4)
where W
(p+1)
s is the generator of W∞ algebra. Then by using
∂t∗
l,k
logφ =
∞∑
p,s=0
lp(k log q)s
p!s!
∂tp,s logφ.
and defining
Ll,k :=
∞∑
p,s=0
lp(k log q)s
p!s!
W
(p+1)
s
p+ 1
, (4.5)
we get
∂t∗
l,k
log φ = (eη − 1)
Ll,k(τ)
τ
. (4.6)
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The quantum torus constraint on the wave function φ, i.e.
∂t∗
l,k
φ = 0, (4.7)
will lead to the quantum torus constraint on the tau function
Ll,kτ = c, (4.8)
where c is a constant.
Basing on the commuting relation among operators W
(p+1)
s and the formula eq.(3.10), one
can prove the operators {Ll,k, l, k ≥ 0} constitute a quantum torus algebra by acting on tau
function space, i.e.
[Ln,m, Ll,k] = (q
ml − qnk)Ln+l,m+k, n,m, l, k ≥ 0. (4.9)
Till now, we announce that a representation of the quantum torus algebra was found, i.e.
{Ll,k, l, k ≥ 0}. Also one can find the quantum torus operator Ll,k has an infinite number of
terms. What is the application of the quantum torus constraint in the Seiberg-Witten theory,
supersymmetric gauge theory and so on might be an interesting question.
5. The KdV hierarchy and its quantum torus symmetry
Similar to the general way in describing the classical KdV hierarchy [1], we will give a brief
introduction of the KdV hierarchy as a reduction of the KP hierarchy.
The Lax operator L of the KdV hierarchy is given by
L = L2 = ∂2 + u. (5.1)
The corresponding Lax equations of the KdV hierarchy are defined as
∂L
∂tn
= [Bn,L], n = 1, 3, 5, · · · , (5.2)
where the differential part Bn = (L
n
2 )+ =
n∑
i=0
ci∂
i. The Lax operator L in eq.(5.1) can be
generated by a dressing operator S = 1 +
∑∞
k=1 ω˜k∂
−k in the following way
L = S∂2S−1. (5.3)
The dressing operator S satisfies the following Sato equation
∂S
∂tn
= −(L
n
2 )−S, n = 1, 3, 5, · · · . (5.4)
After the above preparation, in the next part, we shall construct the additional symmetry
and discuss the algebraic structure of the additional symmetry flows of the KdV hierarchy.
To this end, firstly one define Γkdv and the Orlov-Shulman’s operator M as [21]
Γkdv =
1
2
∑
i∈Zodd+
iti∂
i−2, M = SΓkdvS
−1. (5.5)
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The Lax operator L and the Orlov-Shulman’s M operator satisfy the following canonical rela-
tion
[L,M] = 1. (5.6)
Then basing on a quantum parameter q, the additional flows for the time variable t∗m,n are
defined as follows
∂S
∂t∗m,n
= −(emMqnL)−S, m, n ∈ Z+, (5.7)
or equivalently rewritten as
∂L
∂t∗m,n
= −[(emMqnL)−,L],
∂M
∂t∗m,n
= −[(emMqnL)−,M]. (5.8)
Generally, one can also derive
∂t∗
l,k
(emMqnL) = [−(elMqkL)−, e
mMqnL]. (5.9)
Similarly as the KP hierarchy, one can further derive the commutativity of the additional
flows
∂
∂t∗m,n
with the flows
∂
∂tk
and the additional flows
∂
∂t∗m,n
themselves form quantum torus
algebra which is included in the following theorem.
Theorem 5.1. The additional flows of ∂t∗
l,k
are symmetries of the KdV hierarchy, i.e. they
commute with all ∂tn flows of the KdV hierarchy.
Proof. The proof is similar as the KP hierarchy which will be omitted here. 
Now it is time to identity the algebraic structure of the quantum torus additional symmetry
t∗l,k flows of the KdV hierarchy which is similar as the KP hierarchy.
Theorem 5.2. The additional flows ∂t∗
l,k
of the KdV hierarchy constitute the quantum torus
algebra, i.e.,
[∂t∗n,m , ∂t∗l,k ] = (q
ml − qnk)∂t∗
n+l,m+k
, n,m, l, k ≥ 0. (5.10)
Proof. The proof is similar as the KP hierarchy which will be omitted here. 
Till now, we can find the t∗l,k additional flows constitute a nice quantum torus algebra. Acting
on the wave function ψ, one can rewrite the Lax equation of the KdV hierarchy using linear
equations
Lψ = λψ,
∂ψ
∂t2n+1
= L
2n+1
2
+ ψ. (5.11)
Then the tau function of the KdV hierarchy can be defined as [21]
ψ =
eη˜τkdv
τkdv
e
∑
k=1 t2k−1λ
2k−1
, (5.12)
10 CHUANZHONG LI†, JINGSONG HE‡
where
η˜ =
∑
i∈Zodd+
λ−i
i
∂
∂ti
. (5.13)
As we all know, the action on the wave function ψ can be expressed on the tau function
space as following
∂tp,s logψ = (e
η˜ − 1)
W
(p+1)
kdv,s
p+1
(τkdv)
τkdv
. (5.14)
where W
(p+1)
kdv,s is the generator of W∞ algebra for the KdV hierarchy [21]. Then denote
L˜l,k :=
∞∑
p,s=0
lp(k log q)s
p!s!
W
(p+1)
kdv,s
p+ 1
, (5.15)
and we can get the quantum torus constraint on the tau function τkdv of the KdV hierarchy
L˜l,kτkdv = c, (5.16)
where c is a constant.
6. The BKP hierarchy and its quantum torus constraint
Similar to the general way in describing the classical the BKP hierarchy [25, 1], we will give
a brief introduction of the BKP hierarchy.
Basing on the definition, the Lax operator of the BKP hierarchy has form
LB = ∂ +
∑
i≥1
vi∂
−i, (6.1)
such that
L∗B = −∂LB∂
−1. (6.2)
We call eq.(6.2) the B type condition of the BKP hierarchy.
The BKP hierarchy is defined by the following Lax equations:
∂LB
∂tk
= [(LkB)+,LB], k ∈ Z
odd
+ . (6.3)
Note that ∂/∂t1 flow is equivalent to ∂/∂x flow, therefore it is reasonable to assume t1 = x
in the next sections. The operator LB can be generated by a dressing operator ΦB = 1 +∑∞
k=1 ω¯k∂
−k in the following way
LB = ΦB∂Φ
−1
B , (6.4)
where ΦB satisfies
Φ∗B = ∂Φ
−1
B ∂
−1. (6.5)
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The dressing operator ΦB needs to satisfy the following Sato equations
∂ΦB
∂tn
= −(LnB)−ΦB, n = 1, 3, 5, · · · . (6.6)
Using the above dressing structure and Sato equations, it is convenient to construct the
Orlov-Shulman’s operator which is used to give the quantum torus type additional symmetry
of the BKP hierarchy. In the next part, we shall aim at constructing the additional symmetry
and discuss the algebraic structure of the additional flows of the BKP hierarchy.
To this end, firstly we define the operator ΓB and the Orlov-Shulman’s operator MB like in
[2] as
ΓB =
∑
i∈Zodd+
iti∂
i−1, MB = ΦBΓBΦ
−1
B . (6.7)
The Lax operator LB and the Orlov-Shulman’s MB operator satisfy the following canonical
relation
[LB,MB] = 1. (6.8)
Given an operator LB, the dressing operators ΦB are determined uniquely up to a multipli-
cation to the right by operators with constant coefficients.
We denote t = (t1, t3, t5, . . . ) and introduce the wave function as
wB(t; z) = ΦBe
ξB(t;z), (6.9)
where the function ξB is defined as ξB(t; z) =
∑
k∈Zodd+
tkz
k. It is easy to see ∂iexz = ziexz, i ∈ Z
and
LB wB(t; z) = zwB(t; z),
∂wB
∂t2n+1
= L2n+1B+ wB. (6.10)
The tau function of the BKP hierarchy can be defined in form of the wave functions as
wB(t, z) =
τB(t− 2[z
−1])
τB(t)
eξB(t;z), (6.11)
where [z] = (z, z3/3, z5/5, . . . ).
With the above preparation, it is time to construct additional symmetries for the BKP
hierarchy in the next part. Then it is easy to get that the operator MB satisfy
[LB,MB] = 1, MBwB(z) = ∂zwB(z); (6.12)
∂MB
∂tk
= [(LkB)+,MB], k ∈ Z
odd
+ . (6.13)
Given any pair of integers (m,n) with m,n ≥ 0, we will introduce the following operator
Bmn
Bmn =M
m
BL
n
B − (−1)
nLn−1B M
m
BLB. (6.14)
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For any operator Bmn in (6.14), one has
∂Bmn
∂tk
= [(LkB)+, Bmn], k ∈ Z
odd
+ . (6.15)
To prove that Bmn satisfy B type condition, we need the following lemma.
Lemma 6.1. The operator MB satisfies the following identity,
M∗B = ∂L
−1
B MBLB∂
−1. (6.16)
Proof. Using
Φ∗B = ∂Φ
−1
B ∂
−1, Γ∗B = ΓB; (6.17)
the following calculations
M∗B = Φ
∗−1
B ΓBΦ
∗
B = ∂ΦB∂
−1ΓB∂Φ
−1
B ∂
−1 = ∂ΦB∂
−1Φ−1B MBΦB∂Φ
−1
B ∂
−1, (6.18)
will lead to (6.16). 
Basing on the Lemma 6.1 above, it is easy to check that the operator Bmn satisfy the B type
condition, namely
B∗mn = −∂Bmn∂
−1. (6.19)
Now we will denote the operator Dmn as
Dmn := e
mMBqnLB − L−1B q
−nLBemMBLB, (6.20)
which further leads to
Dmn =
∞∑
p,s=0
mp(n log q)s(MpBL
s
B − (−1)
sLs−1B M
p
BLB)
p!s!
=
∞∑
p,s=0
mp(n log q)sBps
p!s!
. (6.21)
Using eq. (6.19), the following calculation will lead to the B type anti-symmetry property of
Dmn as
D∗mn = (
∞∑
p,s=0
mp(n log q)sBps
p!s!
)∗
= −(
∞∑
p,s=0
mp(n log q)s∂Bps∂
−1
p!s!
)
= −∂(
∞∑
p,s=0
mp(n log q)sBps
p!s!
)∂−1
= −∂Dmn∂
−1.
Therefore we get the following important B type condition which the operator Dmn satisfies
D∗mn = −∂Dmn∂
−1. (6.22)
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Then basing on a quantum parameter q, the additional flows for the time variable tm,n, t
∗
m,n
are defined as follows
∂ΦB
∂tm,n
= −(Bmn)−ΦB,
∂ΦB
∂t∗m,n
= −(Dmn)−ΦB. (6.23)
or equivalently rewritten as
∂LB
∂tm,n
= −[(Bmn)−,LB],
∂MB
∂t∗m,n
= −[(Dmn)−,MB]. (6.24)
Generally, one can also derive
∂t∗
l,k
(Dmn) = [−(Dlk)−, Dmn]. (6.25)
Remark: The specific construction of the operator Dmn shows the impact of the reduction
condition in eq. (6.2) on the generators of the additional flows.
This further leads to the commutativity of the additional flow
∂
∂t∗m,n
with the flow
∂
∂tk
in the
following theorem.
Theorem 6.2. The additional flows of ∂t∗
l,k
are symmetries of the BKP hierarchy, i.e. they
commute with all ∂tn flows of the BKP hierarchy.
Proof. The proof is similar as the KP hierarchy by using the Proposition 3 in [27], i.e. the
additional flows of ∂tl,k can commute with all ∂tn flows of the BKP hierarchy. The detail will
be omitted here. 
The additional flows ∂tl,k of the BKP hierarchy form the W∞ algebra [27]
[∂tp,s , ∂ta,b ]LB =
∑
αβ
C
(ps)(ab)
αβ ∂tα,βLB.
Now it is time to identity the algebraic structure of the additional t∗l,k flows of the BKP
hierarchy.
Theorem 6.3. The additional flows ∂t∗
l,k
of the BKP hierarchy form the positive half of quantum
torus algebra, i.e.,
[∂t∗n,m , ∂t∗l,k ] = (q
ml − qnk)∂t∗
n+l,m+k
, n,m, l, k ≥ 0. (6.26)
Proof. One can also prove this theorem as following by rewriting the quantum torus flow in
terms of a combination of ∂tm,n flows
[∂t∗n,m , ∂t∗l,k ]LB
= [
∞∑
p,s=0
np(m log q)s
p!s!
∂tp,s ,
∞∑
a,b=0
la(k log q)b
a!b!
∂ta,b ]LB
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=
∞∑
p,s=0
∞∑
a,b=0
np(m log q)s
p!s!
la(k log q)b
a!b!
[∂tp,s , ∂ta,b ]LB
=
∞∑
p,s=0
∞∑
a,b=0
np(m log q)s
p!s!
la(k log q)b
a!b!
∑
αβ
C
(ps)(ab)
αβ ∂tα,βLB
= (qml − qnk)
∞∑
α,β=0
(n + l)α((m+ k) log q)β
α!β!
∂tα,βLB
= (qml − qnk)∂t∗
n+l,m+k
LB.

Till now, we find the t∗l,k additional flows constitute a nice quantum torus algebra. Next,
similar to the KP hierarchy, it is natural to consider the quantum torus constraint on the tau
function of the BKP hierarchy.
In [27], one has shown that
∂tp,s logwB = (e
η˜ − 1)
Z
(p+1)
s
p+1
(τB)
τB
, (6.27)
where Z
(p+1)
s is the generator of WB∞ algebra. Then with the help of rewriting the quantum
torus flow ∂t∗
l,k
in terms of the ∂tp,s flows
∂t∗
l,k
=
∞∑
p,s=0
lp(k log q)s
p!s!
∂tp,s ,
and denoting
LBl,k :=
∞∑
p,s=0
lp(k log q)s
p!s!
Z
(p+1)
s
p+ 1
, (6.28)
the quantum torus constraint on the wave function wB, i.e.
∂t∗
l,k
wB = 0, (6.29)
will lead to the quantum torus constraint on the tau function of the BKP hierarchy
LBl,kτB = c, (6.30)
where c is a constant. Frow these above, we can find the remarkable difference of the quantum
torus constraints on the tau function of KP and BKP hierarchies, which originates from the B
type condition in eq.(6.2).
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7. Conclusions and Discussions
In this paper, we construct the quantum torus symmetry of the KP hierarchy and give
the quantum torus flow equation on the wave functions. Meanwhile the representation of the
quantum torus algebra over the tau function space was given. Further, like Virasoro constraint,
using ASvM formula we give a new constraint called the quantum torus constraint on the tau
function which might be useful in quantum field theory, supersymmetric gauge theory and so
on. After that, by reduction we also construct the quantum torus symmetry of the KdV and
BKP hierarchies and further derived the quantum torus constraints on their tau functions. We
are also looking forward to finding the application of the quantum torus symmetry of these
reduced KP type integrable hierarchies.
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